Presented in this paper is an algorithm to compute a Euclidean Voronoi diagram for circles contained in a large circle. The radii of circles are not necessarily equal and no circle inside the large circle wholly contains another circle. The proposed algorithm uses the ordinary point Voronoi diagram for the centers of inner circles as a seed. Then, we apply a series of edge-flip operations to the seed topology to obtain the correct topology for the desired one. Lastly, the equations of edges are represented in a rational quadratic Bézier curve form.
Introduction
Suppose that circles contained in a larger circle are given on a plane, where the radii of the circles are not necessarily equal and no circle inside the large circle wholly contains another circle. We call the large circle an encloser, meaning that it encloses the smaller ones called inner circles. We call the encloser and inner circles altogether generators. Given such a circle set, we assign every location inside the encloser to the closest member in the set of generators. This forms a tessellation of the interior of the encloser and is called a Euclidean Voronoi diagram for circles in a circle.
Presented in this paper is an efficient, exact, and robust algorithm to compute the Voronoi diagram for circles in a circle. While its worst-case time complexity is O(n 2 ), the empirical running time shows strong linear pattern.
This Voronoi diagram can be useful for various geometric applications such as computing the minimum diameter encloser where the radii of inner circles are given and the circles are allowed to move. Since the problem is known to be very hard to solve in general, only very limited cases are discussed in the literature.
1,2
This problem, however, has important practical implications such as designing the minimum radius cable which consists of a bundle of wires with different radii. 3 With the minimum radius cable for a vehicle design, for example, one can reduce the weight as well as the material cost of a vehicle, and save space, while the structural strength of a vehicle body can be increased due to the minimum radius through hole in the body of a vehicle. Another important implication of this functionality in CAD systems is that the size of a through hole can be precisely estimated at the very early stage of a vehicle design so that the structural simulation can be more accurately performed. Many products in everyday life such as medical injections, cosmetics, paint, etc. are in an emulsion state and constituting particles agglomerate as time goes on. In the microscopic view, it is even worse since particles themselves usually contain a number of smaller droplets of a different material property. It is known that the analysis of this phenomenon plays an important role of determining a lifetime of a material. Since there has not been a convenient computation tool to simulate such a phenomenon, it have been done through experiments in the real world. Hence, development time of a product is usually significantly long. It turns out that a Euclidean Voronoi diagram for circles can be a useful computational tool for the simulation of agglomeration processes of particles, while the Euclidean Voronoi diagram for circles in a circle is applied for the simulation of droplet behavior within each particle.
In this paper, the ordinary Euclidean distance metric is used where the distance between a point and a circle is defined by the minimum distance from a point to the boundary of the circle. For the convenience of the presentation, we assume that generators are located in general positions, which means that the degree of a vertex is three. If a degenerate case happens, it can be handled by employing zero-length edges as explained in Refs. [4, 5] . As is frequently recommended in Refs. [6, 7, 8] , the underlying data structure to represent the topology of the Voronoi diagram is a well-known winged-edge data structure. Note that, in this paper, the terms of a vertex and an edge mean a Voronoi vertex and a Voronoi edge, respectively. This paper is organized as follows: In the following section, we show the basic idea of the proposed algorithm. Section 3 explains a method to construct the seed topology using the ordinary Voronoi diagram. In Section 4, we present the transition of the topology from the seed to that of the desired Voronoi diagram by edge-flip operations. The computation of vertex positions and the representation of edges are explained in Section 5 and Section 6, respectively. Section 7 shows some examples of our implementation. Then, we give concluding remarks in Section 8.
Related Works and the Basic Idea
There have been a number of research works on the construction of Voronoi diagrams. Moreover, the ordinary point Voronoi diagram in a plane has been extensively studied, and therefore efficient and robust algorithms are developed and stable running codes are available in public. 5, 8, 9 In the case of circle generators, several studies have been reported by a few researchers. 9,10,11 Even though these algorithms are theoretically valid, it is difficult to obtain stable running code for the circle Voronoi diagrams. While all of the above Voronoi diagrams are based on the Euclidean distance metric, Aurenhammer introduced the power diagram which is based on a power distance metric.
12 Note that a power diagram is also known as a regular triangulation in a dual configuration. Gavrilova and Rokne reported an algorithm to compute the power diagram from the point Voronoi diagram running in O(n 2 ) time. 13 Recently, we have reported an algorithm for computing a Euclidean circle Voronoi diagram in a plane, which constructs the Voronoi diagram correctly, efficiently, and robustly. 14, 15, 16 The algorithm used a point Voronoi diagram as an initial topology and obtained the correct topology by a series of edge-flip operations.
The proposed algorithm consists of three steps as follows: First, we construct a Voronoi diagram for centers of inner circles which plays the role of a seed topology for the target Voronoi diagram. Then, the seed topology is refined by a sequence of edge-flip operations so that the correct topology of the desired Voronoi diagram can be obtained. Lastly, the correct equations of edges are computed.
Topology refinement is accomplished by flipping the edges of a seed topology. In fact, the idea of edge-flipping has appeared in some previous research. Sibson constructed the Delaunay triangulation by flipping edges of triangles from an arbitrary triangulation, 17 and Edelsbrunner showed that O(n 2 ) number of edge-flips are enough to obtain the Delaunay triangulation from any triangulation. 18 Adopting this edge-flip approach, we have recently reported an exact and efficient algorithm to compute the Euclidean Voronoi diagram for circles from the Voronoi diagram for centers of the circles. 15, 16 In that paper, authors use the ordinary Voronoi diagram for centers of circles as a initial solution and then transform its topology by a series of edge-flip operations into that for the circles. It turns out that the edge equation in our problem is conic. To be specific, it is either hyperbolic, elliptic, or linear. Since both explicit and implicit forms of these curves are not so convenient in their representations and manipulations for various applications of the Voronoi diagrams, we parametrize edges by rational quadratic Bézier representation, which is common in CAGD, and many algorithms for its manipulations have been developed. 
Construction of a Seed Topology
Construction of a seed topology for the Voronoi diagram for circles in a circle can be better explained via the example shown in Fig. 1 . Suppose that circles shown in Fig. 1 (a) are input circles: seven inner circles and the encloser. Shown in Fig. 1(b) is the ordinary point Voronoi diagram for centers for inner circles. Note that the problem of computing the point Voronoi diagram has been extensively studied by many researchers, and numerically robust and efficient codes are available. 5, 19 In our implementation of the proposed algorithm, in fact, we have used a code, written by one of the authors, which has employed the exact computation scheme. Fig. 1(c) shows both the point Voronoi diagram and the encloser simultaneously. Since the topological information about the encloser should be contained in the seed topology as well, it is necessary to merge the point Voronoi diagram and the encloser. Our approach of the merging is as follows. First, we compute the intersections between edges of the ordinary point Voronoi diagram and the encloser. Second, we create new vertices at the intersections. Then, we create new edges by connecting two consecutive vertices, which are newly created at the intersections, along the boundary of the encloser. Then, new-born edges form a circular chain and define the boundary between inner circles and the encloser. In the course of creating the chain, new-born vertices, new-born edges, and edges in the Voronoi diagram for center points should be appropriately linked so that the entities of the winged-edge data structure can keep the consistency among them. Lastly, we trim off the topological entities that are lying outside the encloser.
As a result, every generator, including the encloser, has its own topologically bounded Voronoi region as shown in Fig. 1(d) . In this example, the curved edges and small white circles represent new-born edges and new-born vertices, respectively. Note that the geometric information of new-born vertices and edges, e.g. vertex positions and edge equations, is not necessary to be computed in the construction of the seed topology.
To guarantee the seed topology will ultimately transform to a valid topology of the desired Voronoi diagram, it is necessary to make sure that the cardinalities of vertices and edges in both topologies are identical. Since the topology of a desired Voronoi diagram can be represented as a planar graph with v vertices, e edges, and f faces; Euler's formula, f − e + v = 2, should hold. In addition, due to the assumption that the degree of a vertex is three, e = 3 2 v since an edge is counted twice at both vertices of an edge. Hence, the number of vertices and edges of f generators, including the encloser, are determined as 3f −6 and 2f −4, respectively, regardless of the generator configuration. If the degrees of new-born vertices are kept three, then it is guaranteed that the cardinalities of the topological structure satisfy the abovementioned rules. As a result, the cardinalities of edges and vertices of the topology of the desired Voronoi diagram and those of a seed topology become identical.
The ordinary point Voronoi diagram can be considered as a geometric graph, which consists of Voronoi vertices, edges, and faces. However, the Voronoi diagram is slightly different from a geometric graph since some Voronoi edges are not bounded by a vertex but go infinitely.
One way to handle this problem is to introduce some fictitious vertices and edges so that unbounded edges can be bounded by a fictitious vertex, and unbounded faces can be bounded by a fictitious edge. Thus, all the Voronoi faces are topologically bounded by Voronoi edges, some of which are fictitious ones, and all the Voronoi edges are bounded by two end vertices.
When the topology is represented as the above, it can be directly used as a seed for the target Voronoi diagram after updating the topological entities related to the infinity by replacing to the encloser. In other words, all the fictitious edges and vertices are shifted by valid ones related to the encloser. It can also be a good way to obtain a seed from an ordinary Voronoi diagram.
Transition of the Topology
In this section, we will show that a seed topology can be transformed to the topology for the desired Voronoi diagram after a series of edge-flip operations. In this scheme, identifying the edge-flip condition becomes a key part in this topology update procedure.
Local topology
As will be discussed shortly, the edge-flip test relies heavily on the tangent circles defined at both end vertices of an edge. The tangent circle of a vertex touches generators from its outside. There exist at most two such tangent circle depending on the positions of generators. When a vertex is associated with the encloser, always two such tangent circles exist as shown in Fig. 2(b) . However, the orientation of the tangent points on the circle should be identical with that from the vertex. Hence, only one tangent circle is assigned to a vertex even though there can be multiple tangent circles to the generators. Therefore, we define the tangent circle of a vertex as the circle touches the three generators from outside in the consistent orientation with the vertex. The existence of the tangent circles at the end vertices of an edge produces three distinct cases to be considered to test the flipping of an edge (see Fig. 3 ): (i) both end vertices have tangent circles ( Fig. 3(a) ), (ii) only one of two end vertices has a tangent circle ( Fig. 3(b) ), and (iii) no end vertex has a tangent circle ( Fig. 3(c) ). Hence, we separate the configurations of an edge into the above three cases, and discuss the edge-flip conditions for each case. Fig. 3 (a) shows the case that an edge e of VD(P ) has two tangent circles A 1 and A 2 at both vertices v 1 and v 2 of the edge, respectively. Shown in Fig. 3(b) is the case that a tangent circle exists at one vertex of edge e while the tangent circle at the other vertex v 1 does not. Instead, in this case, inscribing circles, IC 1 and IC 2 , actually exist at the vertex v 1 . In the case shown in Fig. 3(c) , there is no tangent circle at both vertices of the edge. The dashed lines, L 1 and L 2 , are common tangent lines to both circles and the other generators p 1 and p 4 lie in-between the tangent lines. Then, there exists no tangent circle at the end vertices.
Determining whether or not the corresponding tangent circle exists at a vertex with given configuration of three circles is a well-known Apollonius Tenth Problem and is discussed in Section 5. In this section, we assume that it can be done in a constant time.
Both tangent circles exist
In Fig. 4(a) and Fig. 4(b) , there are two vertices v 1 and v 2 on an edge e. Let A i be the tangent circle to a vertex v i . In general, there exist four generators associated with an edge. When three of them define a tangent circle, we check if the tangent circle has the intersection with the remaining generator. We call such a remaining generator the mating generator of a tangent circle. When tangent circles at both end vertices of an edge exists, the tangent circles may or may not intersect their mating generator. For the sake of simplicity of the presentation, we say a tangent circle is valid if it has no intersection with its mating generator.
Lemma 1. If the tangent circles of both end vertices are valid, then the edge should not be flipped.
Proof. (Fig. 4(a) ) Edge e 1 of VD(P ) shown with dotted lines has two vertices v 1 and v 2 . The vertex v 1 has three associated generators p 1 , p 2 , and p 4 ; and the vertex v 2 has three associated generators p 3 , p 4 and p 2 . Let A 1 be a tangent circle to three circles c 1 , c 2 , and c 4 . From the definition of vertex v 1 of VD(P ), it can be determined that A 1 should be computed from c 1 , c 2 , and c 4 . Similarly, A 2 is a tangent circle to c 3 , c 4 , and c 2 . Note that we call c 3 a mating generator of A 1 . Since A 1 ∩ c 3 = ∅ in the figure, the points on A 1 are closer to c 1 , c 2 , or c 4 , than c 3 . Similarly, A 2 ∩ c 1 = ∅, and the points on A 2 are closer to c 2 , c 3 or c 4 than c 1 . Since the same property holds for the centers of tangent circles, the topology of VD(P ) should be identical to the topology of VD(C). Therefore, the topology of VD(P ) can be correctly used for the topology of VD(C) without any modification.
Lemma 2. If both tangent circles exist and each circle intersects its mate, then the edge should be flipped.
Proof. (Fig. 4(b) ) The point set is identical with that in Fig. 3(a) and the radii of the circles are different. Note that both A 1 and A 2 intersect their mates c 3 and c 1 , respectively. The fact that A 1 intersects its mate c 3 means that there exists a point on c 3 which is closer to vertex v 1 than three associated circles c 1 , c 2 , and c 4 . This suggests that the topology of vertex v 1 , as was given in VD(P ), cannot exist as a member of the vertex set in VD(C). Similarly, the vertex v 2 cannot be a member of the vertex set of VD(C), since A 2 also intersects c 1 . Therefore, the edge e 1 cannot exist in VD(C) as the topological structure given in VD(P ) because both end vertices of the edge should disappear simultaneously. On the other hand, c 1 , c 2 , and c 3 define a valid new vertex v 1 ; and c 1 , c 4 , and c 3 define another valid vertex v 2 . Topologically connecting v 1 and v 2 with an edge creates a new Voronoi edge e 1 . Therefore, a new edge e 1 should be born while the old edge e 1 disappears, and this results in an edge-flipping. Fig. 5 is the cases that edge e associated with the encloser is flipped to e . In this example, A 1 and A 2 are tangent circles of v 1 and v 2 , respectively, and both A 1 and A 2 intersect their mate circles, c 4 and c 2 , respectively. This case also can be explained by the similar nature of the above proof.
Shown in
It is possible that only one tangent circle between two tangent circles intersects its mating generator. Let A 1 and A 2 be tangent circles of v 1 and v 2 , respectively. Suppose that A 1 intersects its mate while A 2 does not intersect its mate. Since A 1 intersects its mate, the topology of vertex v 1 should be changed in the topology update process, while the topology of v 2 should remain as it was given since A 2 is valid. The fact that a valid tangent circle exists means incident edges must remain, as it was given at least among four generators. Similarly, if a vertex is not valid, some of the incident edges of the vertex should be flipped to the other pair of generators.
Hence, the current edge cannot be directly flipped. This small conflict, however, can be resolved by flipping another edge incident to the vertex v 1 in a later step of the flipping so that the topological structure of v 1 becomes valid. By this observation we provide the following lemma.
Lemma 3.
If both tangent circles exist and only one of the two tangent circles intersects its mate, then the edge should not be flipped.
Only one tangent circle exists
It is possible that a tangent circle exists only to one end vertex of an edge among four generators. This case is divided again into two sub-cases, i.e. whether or not the tangent circle intersects its mate. The fact that there is no tangent circle at a vertex implies the vertex should disappear in the current configuration. However, it does not mean that all the edges incident to the vertex should disappear from the edge set by flipping. Some of the edges may remain as it were. The edge e 1 as shown in Fig. 6(a) should be flipped, while e 1 in Fig. 6(b) remains.
Lemma 4. If one tangent circle exists and the circle intersects its mate, then the edge should be flipped.
Proof. Shown in Fig. 6(a) is a case that no tangent circle exists at a vertex v 1 corresponding to three generators p 1 , c 2 , and p 3 . Note that both dotted circles, associated with the vertex v 1 , are not the desired tangent circles, but circles inscribing c 2 . The fact that there exists no circle tangent to three generators means the Voronoi vertex of the three generator circles should disappear. In the given case, on the other hand, a tangent circle corresponding to a vertex v 2 exists and the tangent circle intersects its mate c 2 . Hence, the edge e 1 should be flipped to e 1 . Even though a tangent circle exists, it is also possible that the existing tangent circle does not intersect the mating generator, as shown in Fig. 6(b) . In this case we do not flip the edge at this moment and postpone the decision to a later step to flip another edge incident to the vertex having no valid tangent circle. Therefore, this case yields the following lemma which is similar to Lemma 3.
Lemma 5. If only one tangent circle exists and the circle is valid, then the edge should not be flipped.

No tangent circle exists
It is even possible that an edge does not yield any tangent circle. Instead, only inscribing circles are defined at both end vertices. In this case we cannot determine whether or not the edge should be flipped. Even though both end vertices cannot exist in this configuration, we cannot guarantee that the edge should be flipped. Hence, we should wait until the configuration of one of the two end vertices is changed by the flip of incident edges, i.e. we do nothing in this case.
Global topology
Since the rules mentioned above are only considered for a single edge, it is necessary to make a procedure applying the rules so that the topology of VD(C) can be constructed. Apart from this, it also has to be guaranteed that the procedure converges to the topology of VD(C).
The strategy in this subsection is to choose an edge to test if it has to be flipped or not at the given configuration, which is elaborated in the section of local topology transition. If it has to be flipped, we flip the edge and test the four incident edges for the flipping in a recursive manner. After performing this operation for all edges in the edge set, the correct topology of VD(C) will be constructed. This procedure is very simple to implement since the only work to be done is to traverse whole edges. Note that the upper bound of the time taken in the updating process of topology by this scheme is O(n 2 ), as is similar to its counterpart for circle Voronoi diagram. 
Apollonius Circles and Voronoi Vertices
Around 200 B.C., Apollonius of Perga, a Greek mathematician, formulated a set of problems for finding circles tangent to three geometric objects in a plane where the objects may be points, lines, or circles. Among ten possible combinations, computing circles tangent to three given circles is the most general problem and is called Apollonius' Tenth Problem. 20, 21 It turns out that the problem of computing the position of a Voronoi vertex for the circle Voronoi diagram is equivalent to that of solving Apollonius' Tenth Problem for a set of appropriate three circles. Hence, we call the circle tangent to three given circles an Apollonius circle, and the center of an Apollonius circle becomes a valid Voronoi vertex defined by three generators tangent to the Apollonius circle. In the Voronoi diagram for circles in a circle, there exist two different configurations of Apollonius circles as illustrated in Fig. 2 . One is the case where an Apollonius circle tangent to three inner circles from outside ( Fig. 2(a) ), and the other one is the case where an Apollonius circle tangent to two inner circles from outside and an encloser from inside ( Fig. 2(b) ). Note that inner circles are shaded gray while Apollonius circles are shown in white in Fig. 2 .
For the foremer configuration of Apollonius circles, Kim et al. showed that such Apollonius circles can be obtained by computing the common tangent lines of two appropriately mapped circles by Möbius transformation. 16 In this section, on the other hand, we will present a method to compute the Apollonius circles of the latter configuration as shown in Fig. 2(b) , and will show that such Apollonius circles can also be obtained via Möbius transformation. When we consider Apollonius circles of two inner circles and the encloser, there can be three possible cases of the Apollonius circles depending on the relative positions of two inner circles as shown in Fig. 7 : both inner circles are tangent from outside ( Fig. 7(a) ), only one inner circle is tangent from outside ( Fig. 7(b) ), and no inner circle is tangent from outside ( Fig. 7(c) ). Among these cases, only the first case is associated with the Voronoi diagram for circles in a circle. Note that this case never appears in a plain circle Voronoi diagram.
Möbius transformation
As the Apollonius circle of three inner circles is known to be efficiently computed by using the Möbius transformation in a complex plane, 16 the Apollonius circles associated with the encloser, as shown in Fig. 7(a) , can be computed via the same transformation. Let a plane be complex, i.e. a point (x, y) in the Euclidean plane is treated as a complex number z = x + iy. Also let c i = (z i , r i ) be a circle with a center at z i = x i + iy i and a radius r i , and let c 0 and c 1 denote two inner circles, and c 2 denote the encloser, where r 0 ≤ r 1 < r 2 . In addition, we call c 0 the minimum generator and r 0 the minimum radius. In order to make the problem simpler, we adjust the radii of generators. To be specific, we shrink inner circles by the minimum radius and expand the encloser by the same amount as shown in Fig. 8(b) . Then, the problem is transformed to computing a radius-adjusted Apollonius circle A which is tangent to the shrunken inner circle from outside and the enlarged encloser from inside. At the same time, A passes through the center of the minimum generator as shown in Fig. 8(b) .
Let the shrunken circles of c 0 and c 1 be c 0 ≡ z 0 and c 1 , respectively, and let the enlarged circle of c 2 be c 2 . Note that c 0 degenerates to a point z 0 . Then, the Möbius transformation is defined as
It is known that the transformation has the properties as follows 22 :
• Property 1: It transforms lines and circles passing through z 0 in the Z-plane to straight lines in the W -plane, and vice versa. circle is mapped to the exterior of the mapped circle and it contains the origin in the W -plane, and vice versa.
From the above properties, an enlarged encloser and a shrunken inner circle are mapped to circles in the W -plane (Property 2). In addition, the expanded Apollonius circle is mapped to a tangent line since the circle passes through z 0 (Property 3). From the above facts, we can find the Apollonius circles in the Zplane by computing lines tangent to the two mapped circles in the W -plane and inverse-mapping the lines in the W -plane to circles in the Z-plane. Note that there is no intersection between w 1 and w 2 as illustrated in Fig. 9 , since c 2 , which is the encloser, completely contains c 1 . Also note that the origin in the W -plane is always placed inside circle w 2 (Property 4).
When a circle in the Z-plane is c i = ((x i , y i ), r i )), which can be either a shrunken or an expanded circle, it is mapped to a circle w i in the W -plane with a center ((
i . Note that the backward transformation is also Möbius transformation, which is defined as Z(w) = 1/w + z 0 . Since the origin in the W -plane is always located in circle w 2 , there exists no tangent line passing through the origin. Hence, a tangent line can be represented by an equation, au+bv+1 = 0. Then, the line is transformed backward into a circle in the Z-plane with a center (−a/2 + x 0 , b/2 + y 0 ) and a radius √ a 2 + b 2 /2. Hence the desired Apollonius circle A i , i = 1 and 2, can be obtained by reducing the radius of A i by r 0 .
Choice of a valid Apollonius circle
There always exist two instances of Apollonius circles defined by two inner circles and an encloser. As mentioned earlier, both Apollonius circles correspond to two tangent lines to the mapped circles in the W -plane. We do not know, however, which tangent line corresponds to the desired Apollonius circle. Hence, it is necessary to find a valid tangent line which will be mapped to the Apollonius circle corresponding to a vertex. Note that only one Apollonius circle corresponds to a vertex and its center becomes the position of the vertex. This problem can be resolved by comparing the order of tangent points on the corresponding Apollonius circle to that of the tangent line.
Suppose that all the circles, including Apollonius circles, are oriented in counterclockwise order as shown in Fig. 9(a) . The orientation of the mapped circle in the W -plane is the same as the original one if z 0 is not located inside the circle in the Z-plane, e.g. c 1 in Fig. 9(a) . In the case that z 0 is located inside a circle, c 2 in Fig. 9(a) , the orientation should be reversed in the W -plane, w 2 in Fig. 9(b) , since the interior and exterior of the circle are reversed. As shown in Fig. 9(a) , when we consider an Apollonius circle A 1 , the tangent directions of circles A 1 and c 2 at the tangent point α Z2 are identical since A 1 is contained in c 2 and both circles are assumed to have counterclockwise orientations. The same property holds to A 2 with c 2 at the tangent point β Z2 as well. In addition, if an Apollonius circle has the same tangent direction as c 2 at the tangent point, then the corresponding tangent line has the same direction as w 2 at the tangent point and vice versa, since Möbius transformation is conformal. Therefore, the orientations of both tangent lines l 1 and l 2 are determined as the tangent directions of w 2 at α W 2 and β W 2 , respectively.
Note that after computing tangent lines in the W -plane, we should find the corresponding Apollonius circle. In other words, we should know which Apollonius circle is the corresponding one. Suppose that l 1 corresponds to A 1 . To find the proper one between two instances of Apollonius circles, we check the order of tangent points and c 0 ≡ z 0 on an Apollonius circle in counterclockwise order due to the following observation. The order of two tangent points after z 0 on the Apollonius circle in counterclockwise order should be the same as that of the mapped points on the tangent line in its orientation. Therefore, the tangent line which touches w 1 and w 2 in its direction, e.g. l 1 in Fig. 9(b) , corresponds to the Apollonius circle touching c 1 and c 2 after c 0 in counterclockwise order, e.g. A 1 in Fig. 9(a) . Similarly, the tangent line touching w 2 and w 1 in this order, e.g. l 2 in Fig. 9(b) , corresponds to the Apollonius circle touching c 2 and c 1 after c 0 in counterclockwise order, e.g. A 2 in Fig. 9(a) .
Representation of Edges
The geometry of an edge in our problem, a circle Voronoi diagram in a circle, can be either hyperbolic, elliptic, or linear. When an edge is defined between two inner circles, it can be either a hyperbolic arc or a straight line, while an edge between encloser and an inner circle can be only an elliptic one.
It is known that a segment of conics can be exactly represented by a rational quadratic Bézier form which is defined as
where b 0 , b 1 , and b 2 are the control points, and w 0 , w 1 , and w 2 are the corresponding weights, respectively. 23 In addition, the rational quadratic Bézier form of a conic segment can be computed by five parameters: the positions of both end vertices of the segment, tangent lines at both vertices, and an arbitrary point through which the curve passes.
23
The positions of both end vertices, i.e. b 0 and b 2 , are immediately known since they correspond to the centers of the Apollonius circles as was explained earlier. A passing point can also be easily obtained by taking an equidistant point from two generators. As a simple method for finding an equidistant point, we take a point on the line passing through the associating centers. Even though this passing point is not on the valid curve segment but on the complementary segment of the bisector, it turns out that the valid one can be represented without much difficulty, and will be discussed later.
The parameters left to be obtained are the tangent lines at both vertices. It turns out that the tangent line of a bisector curve at the vertex corresponds to the angle bisector of two rays starting from the vertex and passing through the centers of two associated generators. Fig. 10(a) illustrates the case that an elliptic bisector is defined between an inner circle and the encloser. Suppose that a circle c 1 = (p 1 , r 1 ) is contained in the encloser c 2 = (p 2 , r 2 ). Let v be an arbitrary point on a bisector, which is an ellipse with foci p 1 and p 2 ; and let b be the intersection between a lay starting at p 2 and passing through v and circle c 2 , as shown in Fig. 11 . Let a line l bisect the ∠p 1 vb at v. arbitrary point on l, not at v. Then, the inequality q
Therefore, q cannot lie on the bisector except at v, which means that the line l should be a tangent line to the bisector at point v. On the other hand, illustrated in Fig. 10(b) is the case that a hyperbolic bisector is defined between two inner circles. In this case, the tangent vector can be obtained by taking the angle bisector as shown in Fig. 10(b) .
16
Among others, we have chosen the representation of the bisector edge equation as a standard form of rational quadratic Bézier, 23 i.e. w 0 = w 2 = 1. Then, w 1 can be obtained as
where τ 0 , τ 1 , and τ 2 are the barycentric coordinates of a passing point with respect 
23
In either case of an elliptic or hyperbolic bisector, a passing point may or may not lie on the valid segment of a bisector between circular generators, depending on the generator configuration. If the passing point lies on the invalid segment of a bisector, we simply reverse the sign of w 1 . Otherwise, we do nothing with w 1 . It turns out that the proposed scheme always results in a positive value of w 1 if a bisector is hyperbolic, while it can result in a negative value if the curve is elliptic and the valid curve segment is not in b 0 b 1 b 2 .
Implementation Examples
The proposed algorithm for computing the Voronoi diagram for circles in a circle has been implemented in Microsoft Visual C++ 6.0 and has been tested on an Intel Pentium IV 2.4 GHz processor with 512 MB main memory. Fig. 12 shows examples of resulting Voronoi diagrams for non-intersecting random circles in an enclosing circle. The numbers of inner circles in Fig. 12(a), 12(b) , 12(c), and 12(d) are 10, 100, 500, and 1000, respectively. Fig. 13 shows the computation time behavior with respect to the number of inner circles. In the figure, the computation time is divided into two stages: time for seed topology construction (shown as black rectangles) and time for a complete Voronoi diagram construction after the seed topology computation (shown as black circles). Hence, the latter consists of the time to perform edge-flip operations to get a correct topology, and time to compute positions of vertices and equations of edges. Therefore, the total computation time to construct a Voronoi diagram for circles in a circle is the accumulation of both computation times. As shown in the figure, we want to emphasize that the total computation time for 4,000 inner circles took less than one second in the given computing environment.
Conclusions
Presented in this paper is an algorithm for computing a Voronoi diagram for circles contained in a larger circle called encloser. In order to obtain a seed topology, we compute the point Voronoi diagram for the centers of inner circles. Then, we introduce new Voronoi vertices and edges associated with the encloser from the relationship between the point Voronoi diagram for inner circles and the encloser so that a seed topology can be obtained. After getting a seed topology, the proposed algorithm transforms the seed topology into the topology of the desired Voronoi diagram by a number of edge-flip operations. After the correct topology is constructed, the algorithm computes the equations of edges. The equations of Voronoi edges, which are the bisectors of two circles, are hyperbolic, elliptic, or linear; and they are represented in a rational quadratic Bézier curve form. The Voronoi diagram proposed in this paper can be applied to develop good heuristics for solving the disk packing problem.
3 This problem is to find the smallest circle which contains given disks without overlapping. Since it is known to be very difficult to find an optimal solution, this problem can be solved by some heuris- tics. When developing heuristics to this problem, the Voronoi diagram can play an important role for efficiency, since it directly gives us the complete proximity information. It has important practical implications, such as designing the minimum radius cable which contains a bundle of wires with different radii. With the minimum radius cable for a vehicle design, for example, one can reduce the weight of a vehicle and the material cost and save space, while the structural strength of a vehicle body can be increased due to the minimum radius through hole in the body of a vehicle. Another important implication of this functionality in CAD systems is that the size of a through hole can be correctly estimated at the very early stage of a vehicle design so that the structural simulation can be more precisely performed.
